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Abstract. An antiferromagnetic S = 1
2
Heisenberg chain is mapped to the
two-flavor massless Schwinger model at θ = pi. The electromagnetic coupling
constant and velocity of light in the Schwinger model are determined in terms of
the Heisenberg coupling and lattice spacing in the spin chain system.
In the previous paper [1] we have shown that an S = 12 spin chain
Hchain(~S) = J
∑
~Sn · ~Sn+1 (J > 0) (1)
corresponds to the two-flavor massless Schwinger model (two-dimensional QED) in a
uniform background charge density:
LQED(Aµ, ψ) = − 1
4e2
F 2µν +
2∑
a=1
c ψ
−(a)γµ
(
ih¯∂µ − 1
c
Aµ
)
ψ(a) +
1
ℓ
A0 . (2)
Here ℓ is the lattice spacing in the spin chain model. The coupling constant e
and velocity of light c are related to J and ℓ by e = k
√
J/ℓ and c = 2ℓJ/πh¯,
where k is a constant of O(1) left undetermined. The Schwinger model contains
one more parameter. Its ground state is the θ vacuum. The value of θ also remained
undetermined. In this Letter we shall show that k ∼ 2.225 and θ = π with the aid of
the result from the Bethe ansatz.[2]
The correspondence between the spin chain and Schwinger model has been noticed
by many authors.[3] Deductive derivation was achieved in ref. [1].The original spin
degree is tranformed to the flavor index of the Dirac field ψ, whereas the odd-even
site index of the lattice becomes the spin degree of the Dirac field. The finiteness of
the lattice spacing ℓ must be taken into account in establishing the correspondence.
In the naive continuum limit ℓ → 0 with c kept fixed, the charge e diverges as 1/ℓ
and all massive modes of the Schwinger model decouple. These massive modes play
an important role when the correspondence is applied to the spin ladder problem.
The determination of the charge e, or the parameter k, was attempted in [4]
following the argument of [1]. More recently Berruto et al have examined the
correspondence between the spin chain model and the two-flavor lattice Schwinger
model and have found that both model have the low energy excitation spectrum of
the same pattern.[5]
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To determine k and θ, first notice that the Schwinger model (2) is bosonized in
terms of two scalar fields.[6, 7] One of them remains massless, which corresponds to
the gapless excitation in the Bethe ansatz solution. The other has a mass µ where
µc2 = (2e2h¯c/π)1/2. In the two-flavor massless Schwinger model the SU(2) chiral
condensate 〈ψ−(a)ψ(b) 〉θ vanishes. However the U(1) chiral condensate is nonvanishing:
[7]
〈ψ−(1)ψ(1)ψ−(2)ψ(2) 〉θ = 〈ψ(1)†L ψ(2)†L ψ(2)R ψ(1)R 〉θ + 〈ψ(1)†R ψ(2)†R ψ(2)L ψ(1)L 〉θ
=
( eγ
4π
)2(µc
h¯
)2
(eiθ + e−iθ)
=
e2γk2
8π2ℓ2
cos θ . (3)
On the other hand the scalar density operator ψ
−(a)ψ(a) is related to the spin
operator.[1] Recall that when a spin operator is written as ~Sn = c
†
n
1
2~σcn,{√
2ℓ ψ
(a)
1 = (−i)2s−1 c2s−1,a at odd site√
2ℓ ψ
(a)
2 = (−i)2s c2s,a at even site
(4)
in the representation (γ0, γ1, γ5) = (σ3, iσ2, σ1). With the half-filling condition
c†ncn = 1 
ψ−(1)ψ(1)
ψ
−(2)ψ(2)

 = ± 1
2ℓ
(Sz2s−1 − Sz2s) . (5)
Hence
〈ψ−(1)ψ(1)ψ−(2)ψ(2) 〉θ = −
1
4ℓ2
〈 (Sz2s−1 − Sz2s)2 〉
= − 1
6ℓ2
{3
4
− 〈 ~Sn · ~Sn+1 〉
}
= − 1
6ℓ2
{1
2
+ ln 2
}
. (6)
In the last equality we have made use of the exact result from the Bethe ansatz
〈 ~Sn · ~Sn+1 〉 = − ln 2 + 14 . [2]
We equate (3) and (6). The original spin chain model is parity invariant, which
implies that the Schwinger model with only θ = 0 or π corresponds to the spin chain.
As (6) is negative,
θ = π , k =
π
eγ
√
2
3
+
4
3
ln 2 = 2.225 . (7)
This is the result of the paper. The excitation energy of the massive mode in
the Schwinger model is µc2 = 2kJ/π = 1.416 J , whereas the Compton wave length is
h¯/µc = ℓ/k = .449 ℓ.
In ref. [1] this correspondence was applied to the two-leg spin ladder system. In
experimental samples J ′ ∼ J and the spin gap ∆spin ∼ .5J ′.[8] It was found that the
spin gap is given by ∆spin = 0.25k|J ′| where J ′ is the interchain Heisenberg coupling
when |J ′| ≪ J . With the k value substituted this yields 0.556|J ′|, which should be
compared with the Monte Carlo result 0.41|J ′|.[9] The discrepancy is attributed to
the approximation employed in the spin ladder problem.
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When J ′ = 0, there appear two gapless modes, say χ1 and χ2, associated with two
chains. When J ′ 6= 0, these gapless modes acquire gaps. In general two combinations
χ± = χ1 ± χ2 are expected to acquire different gaps. However, in the approximation
scheme used in ref. [1], χ+ and χ− remain degenerate. Shelton et al have examined the
two-leg spin ladder in a slightly different approximation scheme and have found that
the two modes acquire different gaps, though they could not determine their absolute
magnitude.[10] It is a challenging problem to improve the approximation to find more
accurate excitation spectrum in the spin ladder system.
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